In this work, the variational iteration algorithm-I with an auxiliary parameter is used for the analytical treatment of the wave equations and wave-like vibration equations. The technique has the capability of reducing the size of computational work and easily overcomes the difficulty of the perturbation method or Adomian polynomials. Comparison with the classic variational iteration algorithm-I (VIA-1) is carried out, showing that the modification is more efficient and reliable.
Introduction
In recent years, wave-like equations, linear and nonlinear wave equations have much been attracted by many scientists and researchers, which arises in different fields of sciences and engineering, i.e. physics, fluid dynamics, electromagnetics, and acoustics. Many verities in sciences and engineering can be explained by nonlinear partial differential equations. It is still difficult to find out the analytical or numerical solution which exists in real life nonlinear models. Consider the following wave equations
where g(u) is a linear function. The vibrational behavior of beams and shafts can be expressed in terms of waves. 1 The aim of this work is to apply the VIA-I with an auxiliary parameter (AP) for the analytical treatment of the wave equations. The VIA-I with an AP is the modified form of VIA-I, 2 which was developed by a Chinese mathematician He, 3, 4 in 1999. He 5 himself advanced the method to a great extent. Hesameddini and Latifizadeh 6 constructed an idea of variational iteration algorithm based on Laplace transformation. Salkuyeh 7 showed the convergence of the variational iteration algorithm for solving linear system of ordinary differential equation with variable coefficients. Fractional calculus, 8 inverse problems, 9 differential-difference equations, 10 and an integrodifferential equations 11, 12 all these need the application of this method for effective solutions. The system of boundary value problems of higher order can also be solved by this algorithm proved by Noor and Mohyud-Din. 13 From time to time, modifications have been brought into the variational iteration algorithm. One of those modifications, Herisanu and Marincaut modification 14 is quite attractive. In this modification, this algorithm has been linked with the least squares technology. To improve the convergence speed and effectiveness of this algorithm, Noor and Mohyud-Din 15, 16 has modified it by coupling it with the generalized Taylor series. Later, Hosseini et al. 17 presented an appropriate procedure for finding the optimal value of AP. This method is recently further modified for vector functions by introducing matrix Lagrange multiplier. 18, 19 The main characteristic of this method is the presence of the elements of flexibility and ability in solving nonlinear and linear problems. This method is independent of the complexities of Adomianit polynomials. There is no need of concretization, linearization, or unrealistic assumptions. One of the main characteristics of this technique is that approximate solution of great correctness can be obtained by only a few iterations. This method has a simple procedure, acceptable results and above all, it can be practically used for a greater number of nonlinear problems.
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Variational iteration algorithm-I
Consider the following nonlinear differential equation
where "L" is the linear operator, "N" being the non-linear operator, and "c(x)" is the inhomogeneous source term. Constructing a correction function
kðgÞ Ly k ðgÞ þ Nỹ k ðgÞ À cðgÞ ½ dg (2) where " k" is the parameter, which is not known and called the Lagrange multiplier. Now, taking the d on the one side as well as the other side of equation (2) with respect to y k ðxÞ
whereỹ k ðgÞ is known as restricted term which applies that dỹ k ðgÞ ¼ 0: Since the Lagrange multiplier k is a basic and of great importance in the method as it may be a constant or a function. Therefore, first we will find out the k, which can be found using integration by parts easily, furthermore by the successive approximation upon y kþ1 ðxÞ; k ! 0 for the solution of y k ðxÞ, will be obtained without any difficulty by using the obtained values of k and by using an initial approximation y 0 ðxÞ with possible unknowns. As a result, the exact solution of the given equation can be obtained by utilizing
In summary, the variational iteration algorithm-I is given as y 0 ðxÞ is an appropriate initial approximation;
kðgÞ Ly k ðgÞ þ Nỹ k ðgÞ À cðgÞ ½ dg; k ¼ 0; 1; 2; . . .
The above technique of finding the approximate solution is called VIA-I, which is the advancement of the general Lagrange multiplier strategy proposed by Inokuti et al. 31 Now this method 4, 32, 33 has been produced to solve a considerable measure of nonlinear problems emerge in various fields of sciences.
VIA-I with an AP
In VIA-I, introducing an unknown AP represented by h, which was used in homotopy perturbation method [34] [35] [36] [37] before, enhances the effectiveness and exactness of the technique. Presenting h in equation (5) y 0 ðxÞ is an appropriate initial approximation;
kðgÞ Ly k ðg; hÞ þ Nỹ k ðg; hÞ À cðg; hÞ ½ dg
Here, y k ðx; hÞ has an unknown AP h, which makes sure the convergence to the exact solution. This procedure is known as VIA-I with an AP. Actually, this technique is simple, has a lesser size of calculation, not difficult to analyze, and have the ability to approximate the solution exactly in the solution domain of wide range. For the convergence of this technique, see Ghaneai and Hosseini.
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Convergence analysis
The convergence of our proposed modification, called VIA-I with an AP when applied to equation (1), is studied in this section. When this proposed technique is applied to wave equations and wave-like vibration equations, L, which is a linear operator, it can be defined as L ¼ The y 0 ðx; tÞ can be uninhibitedly picked if the given initial and boundary conditions are satisfied by it. If a proper initial approximation is chosen, the method will give accurate and fruitful results successfully. We can approximate the solution by kth-order truncated series as y k ðx; t; hÞ ¼ u 0 ðx; tÞ þ X k k¼1 u k ðx; t; hÞ: This y k ðx; t; hÞ has an AP, which make sure that with the help of norm 2 error of the residual function, the assumption can be satisfied. Error estimate and adequate conditions for convergence of VIA-I with an AP are explained. The main results are proposed in the accompanying theorems.
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Theorem 1
Let H be a Hilbert space and B, defined in equation (7), be an operator from a Hilbert space H to H. The series solution (8) 
and since 0 < a < 1; 
> > > < > > > :
here, if 0 < b j < 1 for j ¼ 0; 1; 2; . . .; then u 0 ðx; tÞ þ X 1 k¼1 u k ðx; t;hÞ of equation (1) converges to an exact solution yðx; tÞ. While the maximum absolute error jjyðx; tÞ À y K ðx; tÞjj jj
where b ¼ maxfb j ; j ¼ 0; 1; 2; . . .g.
The wave equation
Consider a homogeneous wave equation
subjected to the initial condition uðx; 0Þ ¼ 0; u t ðx; 0Þ ¼ 2cosðxÞ and boundary conditions uð0; tÞ ¼ sinð2tÞ; uðp; tÞ ¼ Àsinð2tÞ
The given exact solution is uðx; tÞ ¼ 2t cosðxÞ (11) Solving this wave equation by VIA-I, we have to form the rectification function for it, which is u nþ1 ðx; tÞ ¼ u n ðx; tÞ þ
Lagrange multiplierio value can be found out by the use of variational theory, which is kðgÞ ¼ g À t:
The following iterative scheme can be obtained by the use of kðgÞ value in equation (12) u nþ1 ðx; tÞ ¼ u n ðx; tÞ þ ðg À tÞ we finish the process at u 10 ðx; tÞ.
The absolute error of u 10 ðx; tÞ in the solution domain ðx; tÞ 2 ½0; p Â ½0; 3 is shown in Figure 1 . In Figure 1 , it is obvious that VIA-I diverges for higher values of t. Now solving by VIA-I with AP, the recurrence relation for equation (10) The square of equation (15) for 10th-order approximation with respect to h for ðx; tÞ 2 ½0; p½0; 3 is 1 ð11Þ The minimum value of equation (16) happens at h ¼ 0:98605059726579. Utilizing this estimation of h in u 10 ðx; t; hÞ in the solution domain ðx; tÞ 2 ½0; p Â ½0; 3, the absolute error betwixt the exact and numerical solutions can be seen in Figure 2 .
Comparing Figures 1 and 2 , it is clear that VIA-I with AP gives better results as compared to VIA-I. Numerical comparison betwixt the exact and numerical solutions of both methods is given in Table 1 , which shows that VIA-I with AP is better for a large domain of t as compared to VIA-I. 
The wave-like vibration equation
Consider the following wave-like vibration equation
subjected to the initial conditions uðx; 0Þ ¼ 0; u t ðx; 0Þ ¼ x Lagrange multiplierio value can be found out by the use of variational theory, which is kðgÞ ¼ g À t:
The following iterative scheme can be obtained by the use of kðgÞ value in equation (19) u nþ1 ðx; tÞ ¼ u n ðx; tÞ þ ðg À tÞ
initializing with u 0 ðx; tÞ ¼ x 2 t . With the help of this iterative scheme (20) , other approximations can be obtained
we finish the process at u 10 ðx; tÞ. 
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The absolute error of u 10 ðx; tÞ in the solution domain ðx; tÞ 2 ½0; 5½0; 5 can be seen in Figure 3 . In Figure 3 , it is obvious that VIA-I diverges for higher values of t. Now solving by VIA-I with AP, the recurrence relation for equation (17) 
The square of equation (22) 
The minimum value of equation (23) happens at h ¼ 1:00960854413617. Utilizing this estimation of h in u 10 ðx; t; hÞ in the solution domain ðx; tÞ 2 ½0; 5 Â ½0; 5, the absolute error can be found in Figure 4 .
Comparing Figures 3 and 4 , it is clear that VIA-I with AP gives better results as compared to VIA-I. Numerical comparison between the exact and numerical solutions of both methods is given in Table 2 .
It is clear from the numerical results that VIA-I with AP is better for a large domain of t as compared to VIA-I. 
Conclusion
In this paper, we presented a modified version of VIA-I for handling wave equations. VIA-I with an AP worked to give accurate solutions to these wave equations in a successful manner. The technique converges very quickly and deals with linear and nonlinear problems in an efficient way. In this technique, there is no need to take any integration or convolution theorem in recurrence relation to find out the Lagrange multipliers. Discretization, linearization, and small parameter assumptions are not required, which actually ruins the physical nature of the problem. It can be easily seen that VIA-I with an AP is a reliable, efficient, powerful, and fast convergent method. There is no particular need to deal with nonlinear terms. Nonlinear models are as often as possible emerging in physical science and engineering problems for communicating nonlinear marvels. VIA-I with an AP provides a reliable and promising method for dealing with this nonlinear behavior and is more efficient and accurate as compared to classic VIA-I.
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